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1 Introduction 



The present work is the third of three papers devoted to the classification of the integrable re- 
flection K-matrices for the vertex models associated with the U q [sl(r\2m)^], U q [osp(r\2m)^] and 
U q [spo(2n\2m)] Lie superalgebras. In the first paper p] we have considered the U q [sl(r\2mp 2 >] 
vertex model and in the second paper [2J the U q [osp(r\2m)^ vertex model ones. In this paper 
we have presented the general set of regular solutions of the graded reflection equation for the 
U q [spo(2n\2m)] vertex model. 

It is well-known that the Lie superalgebra osp{2m\2n) and spo(2n\2m) are naturally iso- 
morphic: Prom the classical Lie superalgebras [3j, we have the notation D(m\n) = osp(2m\2n) = 
spo(2n\2m). Thus, the transition from osp(2m\2nY 1 ^ to spo(2n\2m) amounts to shift of the gra- 
dation of the vector representation [3]. But, we will work with the natural gradations in order to 
avoid any shift of gradations. Moreover, for trivial values of m and n, a Lie superalgebra coincides 
with a Lie algebra: D(m\0) = Dm , D(0\n) = Cn^ .Therefore, by considering the U q [spo(2n\2m)] 
vertex model we are completing the study of the integrable iC-matrices for the graded version of 
the vertex models associated with the Cn > and ^4n-i Lie algebras. 

Our findings can be summarized into four classes of diagonal solutions and eight classes of 
non-diagonal ones. This paper is organized as follows. In the next section we present the i?-matrix 
of the U q [spo(2n\2m)] vertex model in terms of standard Weyl matrices. In the section 3 we present 
four classes of diagonal solutions. In the section 4 we present eight classes of non-diagonal solutions 
what we hope to be the most general set of iT-matrices for the vertex model here considered. 
Concluding remarks are discussed in the section 5, and in the appendix A we present solutions 
associated with the U q [spo(2\2)] case. 



2 The U q [spo(2n\2m)} vertex model 

The U q [spo(2n\2m)] invariant i?-matrices are given by [3] 

N N 

R(x) = *^{-l) Pi ai{x)eu <g> en + b(x) ^ e„ ® e 
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where N = 2n + 2m is the dimension of the graded space with 2n bosonic and 2m fermionic degrees 
of freedom. Here i' = N + 1 — i corresponds to the conjugated index of i and e-ij refers to a usual 
N x N Weyl matrix with only one non-null entry with value 1 at the row i and column j. 
In what follows we shall adopt the grading structure 



for % = 1, m and i = 2n + m + 1, ...,N 

1 for % = m + 1, 2n + m 

and the corresponding Boltzmann weights aj(x), b(x), c(x), c(x) and dij(x) are then given by 
Oi(x) = (x - C)(x (1_Pl) - q 2 x Pl ), b(x) = q(x - l)(x - (), 



(2) 



c(x) 



(l-q 2 )(x-(), 



c(x) = x(l - q 2 )(x - C) 



(3) 



and 



dij(x) 



( X _1)( X _ C ) + X ( (? 2_ 1)(C _ 1)) 



3=3 



(x - l)[(x - C)(-l) p ^ 2ft + x(q 2 - 1)], (i = j^ f ) 

.2 -i\isr~ -wOiq* 
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where £ = g 2n - 2m + 2 . Xhe remaining variables Oi and ij depend strongly on the grading structure 
considered and they are determined by the relations 

N 




1 < i < 
f + 1 < % < N 



(5) 
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- + Pi -2^pj\, 

j=i 



N 

1< % < — 
~ ~ 2 



(6) 



A , N 



<i<N 



The i?-matrix (JTJ) satisfies important symmetry relations, besides the standard properties of 
regularity and unitarity, namely 



PT - Symmetry : R 2X (x) = R? 2 ist2 (x 

Crossing Symmetry : Ri%(x] 



p{x 1 r] L ) 



(7) 



where the symbol stk stands for the supertransposition operation in the space with index k. In its 
turn p(x) is an appropriate normalization function given by p(x) = q(x — — and the crossing 
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parameter is rj = £ . The corresponding crossing matrix V is an anti-diagonal matrix with the 
following non-null entries V--/ 



V., 
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i- 



(-1) * , i = l, 

, l-Pi r(i) N + 1 

(_!) — ? Fi , 1 < * < — 2 — ' ( 8 ) 

l+Pi ,r(») N + l 

(-l)~q F2 , <i<N. 



where 



i-1 i-l 



=i_l_p 1 _p i _2^p i , ^ (9) 

The construction of integrable models with open boundaries was largely impulsed by Sklyanin's 
pioneer work [BJ. In Sklyanin's approach the construction of such models are based on solutions of 
the so-called reflection equations [7j for a given integrable bulk system. The reflection equations 
determine the boundary conditions compatible with the bulk integrability and it reads 

R 21 (x/y)K 2 (x)R 12 (xy)K^(y) = iff {y)R 2l {xy)K 2 (x)R 12 (x/y), (10) 



where the tensor products appearing in (jlOl) should be understood in the graded sense. The matrix 
K~ (x) describes the reflection at one of the ends of an open chain while a similar equation should 
also hold for a matrix K + (x) describing the reflection at the opposite boundary. As discussed above, 
the U q [spo(2n\2m)] i?-matrix satisfies important symmetry relations such as the PT-symmetry and 
crossing symmetry. When these properties are fulfilled one can follow the scheme devised in [8j [9] 
and the matrix K~(x) is obtained by solving the Eq. (jlOH while the matrix K + (x) can be obtained 
from the isomorphism K~ (x) i— ► K + (x) st = K~ (x~ l ri~ l )V st V . 

The purpose of this work is to investigate the general families of regular solutions of the 
graded reflection equation (I10p . Regular solutions mean that the If -matrices have the general form 

JV 

K~(x) = ^ kij(x) (kj, (11) 

i,j=l 

such that the condition ki = holds for all matrix elements. 

The direct substitution of pip and the U q [spo{2n\2m)\ i?-matrix ((!])-© in the graded reflec- 
tion equation (|10p . leave us with a system of iV 4 functional equations for the entries kij(x). In 
order to solve these equations we shall make use of the derivative method. Thus, by differentiating 
the equation (fTU]) with respect to y and setting y = 1, we obtain a set of algebraic equations for 
the matrix elements kij(x). Although we obtain a large number of equations only a few of them 
are actually independent and a direct inspection of those equations, in the lines described in [TO] , 
allows us to find the branches of regular solutions. In what follows we shall present our findings for 
the regular solutions of the reflection equation associated with the U q [spo(2n\2m)] vertex model. 



3 Diagonal K-matrix solutions 

The diagonal solutions of the graded reflection equation (|fU|) is characterized by a /T-matrix of the 
form 

N 

K-{x) = Y J h,i(x)zn- (12) 
i=l 

with the entries kij(x) related with k\^(x) in a general form given by 

r , , Wu-P l , 1 )(x-l) + 2 

k " (x) = 0? M -/J, 1 )(x-'-l) + 2 il - l(l » <13) 

for % = 2, iV — 1 and 

, ( , (/3jy, j y-/?i,i)(x-l) + 2 

= (P N , N -P 1 , 1 )(x-i-l) + 2 kN ^ N -^ (14) 

The parameters P i i = -^\ki,i(x)\x=i are fixed in order to give us four families of diagonal K-matrices 

such that half of them with one free parameter j3. 

/3(x- 1 -l) + 2 
kl > l{x) = /3(x-l) + 2 ' 

^22(x) = • • • = k N -X,N-l(%) = 1, 
g(l - xq 2 Q - 2 
= X p(x- q i()-2x (15) 



and 



— ' ' ' — kn+Tn,n+rn{x) — 1, 

A: n+m+ i im+m+ i(x) = • • • = k N:N (x) = — — = . (16) 

p(x 1 - 1) + 2 



while the other half without free parameters: 

kx,x{x) = ■ ■ ■ = k p -x, p -x(x) = 1, 



«p,pW = • • • = k N+1 -p,N+l-p(X) 



kN+2-p,N+2~p(x) = ■■■ = k N , N (x) = X 2 . (17) 

where the discrete label p assumes values in the interval 2 < p < m + 1 and 

kx,i{x) = ■ ■ ■ = k p -x,p-x(x) = 1, 

Kp,p(x) = • • • = K7V + i_ Pi 7V + i_p(x) 



x" 1 + eg 4m + 1 - 2 P v / C' 

^A r +2-p,A r +2-p(x) = • • • = k]y^]\f{x) = X 2 . (18) 

for the discrete label p with values in the interval m + 2 < p < n + m. 

Here and in what follows, e is a discrete parameter assuming the values ±1. We also notice 
that the case p = 2 is limit of the solution of the solution (|15p and we have (n + m) diagonal 
solutions. 
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4 Non-Diagonal K-matrix Solutions 



Analyzing the reflection matrix equation (jlOp we can see that the non-diagonal matrix elements 
kij(x) have the form 



kij ix) 



Pi,jxG{x), 
Pi,jG(x)Hf(x). 
0i,jG(x)H b (x), 



i>3 
i> f 

i = j'( fermionic) 
i = j'( bosonic) 



(19) 



Here and in what follows G(x) is an arbitrary function satisfying the regular condition /ci.j(l) = 5ij 



and 



H b (x) 



qx + £a/C 



(20) 



Moreover, the diagonal entries ki y i(x) satisfy defined recurrence relations which depend on the 
bosonic and fermionic degree of freedom. However, for the U q [spo(2n\2m)] model we have found K- 
matrix solutions with both degree of freedom only for the cases (n/l,m = l) and (n = 1, m ^ 1). 



4.1 K-matrices with fermionic degree of freedom 

Here we shall focus on the non-diagonal solutions of the graded reflection equation (jlOf) with 
kij(x) = for the bosonic degree of freedom i.e., for i ^ j = m + 1, m + 2n. We have found 
three classes of non-diagonal solutions that we refer in what follows as solutions of type V\ to type 
V 3 : 



4.1.1 Solution Vi 

The solution of type V\ is valid only for the U q [sop(2n\2)] models with n > 1 and the JC-matrix 
has the following block structure 



(21) 





( 




©lx2n 


k\,N 


\ 


K~ = 




®2nxl 




02nxl 






V 


kN,i 


©lx2n 


kN,N 


) 



where O aX fe is a a x b null matrix and 



Ki(x) 



x 2 -C 

i-C 



2nx2n- 



(22) 
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Here and in what follows I2nx2n denotes a 2n x 2n identity matrix and the remaining non-null 
entries are given by 



ki,i(x) 
ki,N(x) 
k N>N (x) 



1, 



^Pi,n(x 2 ~ 1), k NA (x) 



2( (x 2 - 1) 



(i-c) 2 Pi, 



N 



(23) 



where (3 ljN is the free parameter. We remark here that this solution for n = 1 consist of a particular 
case of the three parameter solution given in the appendix for the U q [spo{2\2)} vertex model. 



4.1.2 Solution V 2 

The U q [spo(2n\A)] vertex models admit the solution V2 whose corresponding K-matrix has the 
following structure 



K~ 



ki,N 

k2,N 



ki,i k 1>2 h,N-i 

k 2 ,l k 2y 2 ®2x2n k 2 ,N-l 

2 „x2 K 2 2nX 2 

&7V-1,1 kN-1,2 ®2x2n &iV-l,iV-l &jV-l,jV 

\ kft,l &iV,2 k]Sf,N-l kN,N J 

where ]K 2 = A;3,3(x)I 2n x2n- The non-diagonal entries can be written as 



(24) 



ki,2(x 
k^ N -i{x 

k 2 ,N-i(,x 

k 2 ,N(,x 

kN-l,N(x 

k N> i(x 



0i, 2 Gi(x), 
0i,n-iGi(x) 

P2,lPl,N 



k2,i(x) = 2 ,l G l{x) 
fciv-i,i(x) = Q C-z 

Pl,AT-l 



r 



01,2 
Pl,N 



G 1 {x)H{x) 



1,2 



, , x 2^1,2^2,1^1,^ 

k N -i,2{x) = -q C — ^2 

Pl,N-l 

kN,2(x) = -q z (T n - 2, ^ 1,N xG 2 (x 



Gi(x)H{x) 



Pi 



2 Ar yi,N n 1 \ 
-Q ( r n~ xG 2 (x) 



• ,, 02,lPl,N 
Pl,N-l 

P 2 ,lP 



k NjN -i(x) = -qX^n j. ^ — xG 2 (x) 
Pl,2h>l,N-l 

ki,N(x) = Pi N Gi(x)H(x), 



Pl,N-l 



q 2 C 



PllP 



1JV 



G l {x)H{x) 



Pl,N-l 

and the auxiliary functions are given by 



(25) 



Gi(x) 
G 2 (x) 
H(x) 



n 2 rr Pl,N , X- 9 2 C 



7?i,2/3i, 



+ 



7V-1 



X- 1 



x - 1 \ fei,iv(a;) 



1 01,201,N-1 x - q 2 C 
x — 1 



A? 



x 2 - q 2 (J P ljN 
x — 1 \ k\ n{x) 



Pi, 

Pi,20i,N-i(x 2 ~ q 2 () 



x 2 -q 2 (J Pi 



Pi,*Pi,n-i(x ~ Q 2 - q 2 (r n Pi, N ( x ~ 1) 



(26) 
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and 



r, 



02,10 



l,N 



01,N-1 1 " Q 2 C 

With respect to the diagonal matrix elements, we have the following expressions 



(27) 



kn(x) 



(x-q 2 Q 



02,101,N 01,201,N- 



+ 



01,N-1 

2(l+q 2 () 2 x- 4q 2 ((x 2 + l) 



ft, 



N 



(l-q 2 t)(x-l) 



+ q z QK(l-xqX) 

h ;N (x) 



0i. 



N 



{x 2_ q 2 C){x + 1) a 



for the recurrence relation 



0l,20l,N-l 



(28) 



k2,2{x) 
kN-l,N~l(x) 

k NtN (x) 



h,i(x) + (/3 3)3 - ltl )G(x) + Ai(x), 

h,3(x) + {Pn-i,n-i - ^3,3) xG 2 (x) + A 2 {x), 

fcjv-i,jv-i(a?) + (0 n ,n ~ 0n-i,n-i) xG 2 {x). 



where 



Ai(x) 



02,1 ( . 2a-p Pl,N 
x + q C^r, 



N-l 



0i,20i,N-iJ \x 2 ~ q 2 C 



x — 1 



ki N (x) 



A 2 (x) = — — /3 12 — r Ai(x). 



(29) 



(30) 



Tn ' Pl t N 

The diagonal entries ([29]) depend on the variables aa which are related to the four free parameters 
Pi 2i02 Xi0i N-i an d 0i n through the expressions 



02,2 
03,3 



a 01,201,N-1 , , 
Pi 1 "I " 1 r 



Pi. 



N 



n , 01,201,N-1 , 2 

01,1 + — - + 



0i. 



N 



1-gV 



0n-x,n-i = /3i,i + 2 + /3l 'f 1 - jV - 1 -g 2 cr n , 



/9 



1JV 







AT,AT 



fl „ . Pl,20l,N-l 2/-r2 01,N 
01,1 + 2 + a 1 C T n 







1,N 



''01,201 



(31) 



N-l 
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4.1.3 Solution P 3 



This class of solution is valid for all U q [spo(2n\2m)] vertex models with m > 3 and the corresponding 
K-matrix possess the following general form 



K- 



fci 



2n+m+l 



\ 



rn,l ' k m ^ m ■ &m,2n+m+l ^m,JV 

02nxm ^3 ©2nxm 

&2n+m+l,l " " " &2n+m+l,m " " ' &2n+r7i+l,2ra+m+l ' ' ' &2n+m+l,7V 

: '• : O mX 2n : '• : 

y fejV,l • • • fciV,m • • • fcw,2n+m+l ' ' ' kiV,jV y 

where K3 is a diagonal matrix given by 

K 3 (x) = k m+hm+1 (x) hnx2n- 

With respect to the elements of the last column, we have the following expression 

h, N (x) = --^=q t '- tl f3 lii ,xG(x) 

i = 2,...,m and i = 2n + m + 1, . . . , N — 1, 



(32) 



(33) 



(34) 



In their turn the entries of the first column are mainly given by 



q^^l^G(x), 



Pl,N-l 

3, ...,m and i = 2n + m + l,.. 



,N-1. 



(35) 



In the last row we have 



k N ,j(x) = ~-j=q 



e t N - t2 (hljlj 



xG(x) 



J 



2, . . . , m and j = 2n + m + 1, . 



,N — 1, 



(36) 



while the elements of the first row are kij(x) = P 1 jG(x) for j = 2,...,m and j 
1,...,N-1. 

Concerning the elements of the secondary diagonal, they are given by 



2n + m + 



ki,i'{x) = q 



-G(x)Hf(x) 



Q + l J Pl,N 

2,...,m, i 7^ i' and i = 2n + m + 1, . . . , N — 1, 



(37) 
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while the remaining entries kiN(x) an d k^i(x) are determined by the following expressions 



ki,N(x) = p 1}N G(x)Hf(x) 
k N>1 {x) 



G(x)H f (a 



Pl,N-l 

where Hf(x) is given by (f20l) . 

The remaining matrix elements k{j(x) with i ^ j are then 

' ~^(^f)^G( x)l i<j> 2<i,j<N-l 



(38) 



kij{x) — < 



(39) 



and 



k 2 .\{x) 



2(-l) m (l - eqVC)q m - 2 



rr-j— o -xG{x), i>f 2<i,j<N-l 

I C V Q+ 1 J Pl,N 



Pi 



N-l 



kl,rn(%) 



(1 + eVQ){eq m ~ l VC + (-l) m )(eq m VC + (-l) w ) Pi,N 

2(q m - 1 (q+lf P 1>N 



(1 - eq^C)(l + e^C)(eq m ~^ + (-l) m )(^ m VC + ("l) m ) Pi 
and the parameters ftij are constrained by the relation 

Pl,N-j 



G(x), 
G(x), 



PlA = -Pi 



i+r 



j = 2, . . . ,m - 1. 



(40) 



(41) 



ki t i{x) — < 



to find 



where 



Pl,N+l-j 

With regard to the diagonal matrix elements, they are given by 

k hl {x) + (P iti -P 1A )G(x), 2<i<m 
ki,i(x) + {P m+hm+1 - P 1}1 )G(x) + A(x), % = m + 1 

Awi,m+i(z) + (/Wm+l,2n+m+i ~ Pm+l,m+l) xG ( x ) ~ eq 2n+1 ^A(x), i = 2n + m + 1 

fei-i,i-i(or) + (Ai - A-i 1-1)^(2;), 2n + m + 2<i<N 

(42) 

(43) 

(44) 

(45) 



The last term of the recurrence relation (|42p is identified with 

,,2/ 



kN,N{x) = x ki,i(x) 



h,U) - I-P^r ~ Pm+1 ' m l\~ '^ )]G{x) + [1 - ^+^]4^ 

T z — 1 X + 1 X z — 1 



X + 



A(x) 



2(x - l)G(x) 



(1 + eVC)(«T- X VC + (-l) m )(e<7"VC + (-1)' 
In their turn the diagonal parameters /3j j are fixed by the relations 



Pi 



i-2 



2 < i < m 



/3 M +A m ^(-i) fe , 

N 

/5 lil + 2-eg^CA m ^ (-g) fc , 2n + m + l<i<N-l 

k=0 

[ Pi,i + 2, i = N 



N-l- 



(46) 



and 



with 



-0 +A ( q I ( ~ 1)m 1 + 

2( _ 1)mgm -2 (g + 1) 2 e ^ 



(47) 



(48) 



(1 + eVC)(eq m - 1 VC+ ("l) m )N m VC + ("l) m ) ' 
The class of solution Vs has a total amount of m free parameters namely Pi^n+m+ii ■ • • > Ai,jv- 

Here we note that we can take the limit m = 2 in the class to get a two parameter solution 
which is a particular case of the three parameter solution of the class Vi- This complete the set of 
solutions with the fermionic degree of freedom. 



4.2 K-matrices with bosonic degree of freedom 

Here we consider kij(x) = 0, for i / j = {l,...,m} and i / j = {2n + m + 1, N} in order 
to get If -matrix solutions with only bosonic degree of freedom. We have found three classes of 
non-diagonal solutions that we refer in what follows as solutions of type V4 to type Vq: 



4.2.1 Solution V 4 : 

This family of solutions is valid only for the U q [spo(2\2m)] vertex model with m > 1 and the 
corresponding if -matrix has the following block diagonal structure 



R- = 



( fci,ii mxm o mx2 o — \ 

k m +2,m+l k m+ 2,m+2 
\ O raxm ®mx2 kjsi^N^-mxm J 



»2xm 



The non-null entries are given by 

km+l,m+l ( x ) 
k m +l, m +2(x) 
k m +2,m+l(x) 
k m +2,m+2(x) 

k N;N (x) 



"2xm 



= 1 



= P 



a[q 2 C i + l](x-l) + 2 
' a[xq 2 C l -l](x-l) + 2x' 

x(x 2 - 1) 
a[xq 2 C l - l](x- 1) +2x' 



-X 



x 2 . 



a^C 1 -l](x-l) + 2x 1 
2 a[q 2 (~ 1 + l}(x-l)-2x 



alxq^C 1 - l](x- 1) +2x' 



where a = /3 m +i m +i and /3 = /? m+l m+2 are the two free parameters. 



(49) 



(50) 
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4.2.2 Solution T 5 : 

The solution is admitted for the U q [spo(A\2m)] models with the following if-matrix 

k m +l,m+l km+l,m+2 &m+l,m+3 ^m+l,m+4 
k m +2,m+l k m+ 2,m+2 &ra+2,m.+3 ^m+2,m+4 
km+3,m+l ^m+3,m+2 ^m+3,m+3 ^m+3,m+4 



o 4 > 



o 4 > 



V 



kra+4,m+l ^m+4,m+2 &m.+4,m.+3 ^m+4,m+4 
O mX 4 



kN,N\, 



(51) 



The non-diagonal elements are all grouped in the 4x4 central block matrix. With respect to this 
central block, the entries of the secondary diagonal are given by 



k m +i,m+4(x) — (3 m +i, m +4 G(x)H b (x) 
k m+2 ,m + 3{x) = eq m z - ■ r m G(x)H b (x), 



k m+ ^ m+2 {x) = -eq T m G(x)H b (x), 



k m +4,m+l {x) 



-,2m- 2 



fim+Y,m+3 
1 



m+l,m+4 



-T 2 m G(x)H b (x), 



(52) 



where we recall H b (x) = - — — — ^=^and G(x) arbitrary. The remaining non-diagonal elements can 

Q + eVC 

be written as 

k m +l,m+2{x) = P m+ i tm+ 2 G(x) 
k m +l,m+3(x) = /3 m+ i )m+ 3 G(x) 

k m +2,m+i{x) = eq m 2 P m +i,m+3 xG(x) 

k m +3,m+4{x) = -m m l3 m +l,m+2 xG 2 {x) 



km+2,m+i{x) = -eq T m G(x), 

"m+l,m+4 

7 / \ ro ^m+l,m+2 p, ^-,/ \ 
fcm+3,m+l(x) = eg m - '■ T m G{x) 



k m +A,m+2{x) 
k m +4,m+3{x) 



@m+l,m+4 
.,2m-2 @m+l,m+2 



0. 



m+l,m+4 



T m xG(x) 



q -b — ! — r m xG(x), 



m+l,m+4 



where 



r — 



P. 



m+l,m+2@m+l,m+3 



Pm+i,m+4 (q m - 2 + e)(9 m + e) 

In their turn the diagonal entries are given by the following expressions 

2{xq m ~ 2 + e) 2 



(53) 



(54) 



(qm-2 + £ )( g m + e )( xg 2m-4 - 1)( X - 1) 

/? m +i, m + 2 /3m+i,m+3 \ {xq m + e){xq 2m ~ A 



(3. 



m+l,m+4 



1) 



( g m-2 + e j x ( x + 



G(x) 



(55) 
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with the recurrence relation 



km+l,m+l {%) 

km+3,m+3\%) 
k m +A,m+A{x) 

k NN (x) 



where 



Ai(x) 
A 2 (x) 



h,i(x) + (/3 m+ i, m+ i - 0i,i)G(x) + Ai(x), 

k m +l,m+l{x) + {0 m +2,m+2 ~~ /^m+^m+l)^^) > 
k m +2,m+2(x) + A 2 (x), 

fcm+3,m+3 C^) + {0m+A,m+A ~~ /^m+3,m+3) a '^ ! ( 3 ')' 

er m (x - l)G(x) 



(56) 



g m-2 + e 



+ e 



(57) 



The variables /^j are given in terms of the free parameters /3 m+l m+2 , /3 m+ i jm _|_3 and /3 m+ i im _|_4 
through the relations here 



0m+l,m+l 
0m+2,m+2 



01,1 + 



(q m - 2 + e){q m + e) 

,2m- 2 



+ eg 



m-2 



0m+3,m+3 
0m+A,m 



01,1 + 2 



2q z 



(q m ~ 2 +e){q m + e) 
Jim- 2 



eg 



+4 = /V+ 2 



V 



/^m+l,m+2 ,m+3 

0m+l,m+4 
m 0m+l,m+20m+l,m+3 
0m+l,m+A 
2m— 2 0m+l,m+20m+l,m+3 



(58) 
(59) 



( ? m-2 + e ) (g m + £ ) 1 - /? m+ l,m+4 

We remark here that the form of this class of solution differs from general form (|19p by the number 
of free parameters. 



4.2.3 Solution V 6 : 

The vertex model U q [spo(2n\2m)} admits the solution Vq for n > 3, whose if -matrix has the 
following block structure 



V 



"■mxm "mx2n ^>rnxm 

km+l,m+l ' ' ' ^m+l,2n+m 
^2nxm : ' . : G>2nxm 

^2n+m,m+l ' ' ' ^2n+m.2n+m 
^mxm ®mx2n 



(60) 



The central block matrix cluster all non-diagonal elements different from zero. Concerning 
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that central block, we have the following expressions determining entries of the borders, 

ki : 2n+m(x) 



HQ 



-Pm+l,i' xG ( x )i 



£ 02n+ m q t2n+m Pm+2,m+lPm+l,j 
VC 9 m+2 q tm + 2 Pm+l,2n+m-l 
@iQ 1 Pm+2,m+lPm+l,i' 



k2n+m,j( x ) — 

m +2q tm + 2 P m +l,2n+m-l 

k m +i,j{x) = (3 m+ ijG(x). 



G(x), 



i = m + 2, ... ,2n + m— 1 
xG(x), j = m + 2, . . . , 2n + m — 1 

i = m + 3, . . . ,2n + m — 1 
j = m + 2, . . . , 2n + m — 1 (61) 



The entries of the secondary diagonal are given by 

Pm+l,2n+mG(x)Hb(x), 

Q v qh> \ q + 1 J P m+1>2n+m 



k,i>(x) = < 



02n+ m -lQ t2n+m 1 Pm+2,m+10m+l,2n+m 



B m +2Q tm + 2 



0, 



G(x)H b (x), 



m+l ,2n+m— 1 



i = m + l 
i = m + 2, ...,2n + m — 1 

z = 2n + m 
(62) 



and the remaining non-diagonal elements are determined by the expression 



' e 6iq u f q + m +i,i'Pm+i,j 



h,j( x ) — < 



V^0m+l9' m+1 \ q + 1 J m+1: 



,2n+m 



G(x), i < f , m + l<i,j<2n + m 



1 



{ C0m+iq tm+1 \ q + 1 



Q + e VC\ Pm+l,i'P: 



m+l,j 







m+l,2n+m 



xG(x), i > j' , m + l<i,j<2n + m 



(63) 



and 



2e(-ir v / C(l + s) 2 



m+l,2n+m 



(1 - eVC)(q + eVC) (o™ + (-l)"e)(g— 1 - (-l)V) /Wn+m+i 



G(x), 



A: 



m+2,m+l 



(*) 



2eg(^ + e^C) 



m + 1 , 2n + m — 1 



VC(1 - eVC) {q m + (-l) n e){q^ - (-l)«e) /3 m+1 , 2n+m 
In their turn the diagonal entries ki t i(x) are given by 

x - e^(\ fxq m + (-l) n e\ ( xq m ~ l - (-l) n e\ 2G{x 



G{x). 



(64) 



kii(x) 



1 - e \/C / V q m + (- 1 ) ne / V q" 1 ' 1 - (-!) ne 7 ^(^ - !) 



(65) 



ki : i(x) — < 



fei,i(x) + r n>m (x), i = m + l 

fem+i,m+i(a;) + - /Wi,m+i) G ( x )' i = m + 2, ...,m + n 

k n +m,n+m{ x ) + {P n+rn+l ,n+rn+\ ~ Pn+m,n+m) xG ( x ) + / ^n,m( a; )) i = TJ + 771 + 1 

k n+m+ i. n+m+ i{x) + ((3 i:i - P n+m +i,n+m+i) xG ( x )i i = n + m + 2, 2n + m 
x 2 k 1:1 (x), i = N 



where 



^n,m( x ) 



2{qx + e^C) 



G{x) 



(1 - e v / C)(g m + (-l) n e)(g m - 1 - (-l) n e) x 
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(66) 
(67) 



and 

2(-i) w g "-y + i) 

^ m{X) - (l_ ev ^) (g m + (_l)n e ) (? m-l_ ( _l)n e )^ 

The diagonal parameters are then fixed by the relations 

i—m—2 

Pm+i,m+i + Qn,m Yl i = m + 2, ...,n + m 

k=o (68) 

Pn+m,n + m ~ ^-IfU + f^f^Qn^ i = n + m+1 



0. 



~ y\ — i „\2^ n > m ' i — m + 1 



i—n—m~2 



(3 n+m+1 ^ n+m+l + €{-l) n q m Qn, m Yl i = m + 2,...,n + m 

k=0 

and the auxiliary parameter Q n , m is given by 

Q = W + tf (69) 

^ n ' m (l-e v / C)(g m + (-l)™e)(g m - 1 -(-l)™e)' V ; 

Besides the above relations the following constraints should also holds 

Pm+l,m+j = ~~ ^m+lj+m+la ) J = 2, . . . , 71 — 1, (70) 

Pra+l,2n+m+l-j 



and /9 m+ i m+n+ i, . . ■ , (3 m +i,2n+m are regarded as the n free parameters. The case n = 2 is a 
particular solution of the three parameter class 7^ • 

4.3 Complete K-matrices 

The complete iT-matrices are solutions with all entries different from zero. This kind of solution 
will be present only in two class: the models with two bosonic degree of freedom, U q [spo(2\2m)] 
and those models with only two fermionic degree of freedom U q [spo(2n\2)] . 

4.3.1 Solution V 7 : 

The series of solutions V-j is valid for the U q [spo{2\2m)] model and the corresponding JT-matrix 
also possess all entries different from zero. In the first and last columns, the matrix elements are 
mainly given by 

M x ) = 7-^r-5 G ( x ) i = 3,...,N-l 

V2Q 2 Pl,N-l 

ki tN (x) = -^^-p i:i , xG (x) i = 2,...,N-l (71) 

while the ones in the first and last rows are respectively 

ku(x) = ld G(x) j = 2,...,N-l 

ksAx) = -^^|^x G (x) J = 2,...,N-1 (72) 

VC V2q 2 Pi,n-i 
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In the secondary diagonal we have the following expression determining the matrix elements 



Pl,N G ( x ) H f( x ), 

diq l1 ( qe m eV(\ A - e m qV(\ Pi,- 



Q v qh 



q-1 



9 N -iq tN -i Pi, N P 



2.1 



^ Pl, N -i 



9 + 1 

G(x)H f (x), 



Pi, 



N 



-G(x)H b (x 



i = 1 

i / {l,m + l,m + 2,iV} 
, z = {m + 1, m + 2} 
i = AT. 



recalling that 



Hf,{x) = ; j=- and Hf(x) 



X — €, 



q + e m \fC JX ~ J l-e m qy/C, 

In their turn the other non-diagonal entries satisfy the relation 



h,j(x) — < 



e m Oiq k ( 1 - e m qVC\ Pi,i'Pi,j 



( (01^ \ q+1 J Pi,N [ h 



i<f, 2 < i,j < N- 1 
i>f, 2 <i,j <N-1 



and 



kl, m {x) — 
kl,m+l(x) = 

k 2 ,i(x) = 



i(q + 1) Pl, m +lPl,m+2 



q-l 



Pl,m+3 
iV({q + e 



G(x), 



Pi. 



N 



,m+2 

e m (1 - emg^/C) 2 



G(x), 



ft 



JV-1 



qVC (q ~ e m )(l + + ?VC) ft,iv 

and the parameters ftj are required to satisfy the recurrence relation 

Pi, j+ iPi ,N-j 



G(x), 



PiJ 



Pl,N-j+l 

Considering now the diagonal entries, they are given by 



j = 2, . . . ,m- 1. 



ki,i(x) 



ki,i + (ft,* ~ Pi,i)G(x), i = 2, m + 1 

ki,i(x) + (/3 m+2 , m+2 - ft,i)zG(:r) + A(x), i = m + 2 

k m +2,m+2{x) + (Pij ~ Pm+2,m+2) xG (. x ), i = m + 3, N - 1 

x 2 /ci ; i(x). i = i\T 



where 



x- 1 



and A(x) = (1 - x)G(x). 



(73) 



(74) 



(75) 



(76) 



(77) 



(78) 
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The diagonal parameters are determined by the expressions 

Pm.n 



Pi 



2e m y / C 



Pm+l,m+l 
Pm+2,m+2 

/^m+3,m+3 



, (g 2 + l)(g + e m% /C) 
-i H ; — itt: — : 



g(g + l)(l + W£) : 
2g 2 



(g + l)(l + e m VC)' 

fc=0 y 



1 + tmVC 



i = 2, ...,m 

i = m + 1 
i = m + 2 
i = m + 3 

i = m + i,...,N 



(79) 



This solution has altogether m+1 free parameters, namely /5 l m+2 , . . . , jy. This complete solution 
depend on the parity of m through the relation e m = (— l) m . 

Here we notice that the case m = 2 is also special because P\ m = /3 12 and we have an 
exchange of sign for k2i(x) and fci,3(x) as indicate in equation (|76|) . 



4.3.2 Solution V 8 : 

The class of solutions V% is valid for the vertex model U q [spo(2n\2)] and the corresponding iT-matrix 
contains only non-null entries. The border elements are mainly given by the following expressions 



-Pi,i'xG(x) 
G(x) 



k,N{x) 
hj(x) = (3 1J G(x) 



e n N q tN P 2 ,lPl,j 



xG{x) 



i = 2,...,N -1 
i = 3, ...,N-1 

j = 2,...,N-l 
j = 2,...,N-l. 



(80) 



The secondary diagonal is constituted by elements given by 



(3 1>N G(x)H f (x), 

6 iq ^ fl-e n qVC\ fq + e n V(\ P\, 



i = 1 



q + i J Pi 



,N 



-G(x)H b (x), i^{l,N} 



(81) 



^N-iq^- 1 Pi,nPIi 



G(x)Hf(x), 



i = N. 



{ e 2 qt* pi N _ x 

where the functions Hb(x) and Hf(x) were already given in (|74|) . The remaining non-diagonal 
entries are determined by the expression 

[ e n 9^ fl - e n qVC\ WiJ G(x)i i < /j 2 < i, j < TV — 1 

, (82) 



kij{x) — < 



VC^' 1 V Q-i J Pi,n 

1 0i<7** / 1 - e n q^\ Pl,i'Pl,j 



q-1 



Pi. 



N 



xG(x), i > f, 2 < i,j < N- 1 
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and 



V£(?+l) Pi, 



N 



(qVC - e n )(VC - e„) p, n 



G(x) 



+2 



K2,i(ar) = 77= — 777 — 77 G(x). 



(VC-en)(g-l) ft, 



and the parameters f3 1 are required to satisfy 



= " 



Pl,j+lPl,N- 



Pl,N+l-j 

With respect to the diagonal entries, they are given by 



j = 2, . . . , n. 



ki,i(x) — < 



fci,i(x) + - i = 2, n + 1 

fc„+i, n+ i(a;) + (P n+2 , n +2 - Pn+l,n+l) xG ( x ) + A ( x ), * = n + 2 

fc„+2,n+2(a0 + - (3 n +2,n+2) xG ( x ), i = n + 3, N — 1 

x 2 k 1)1 (x). 



i = N 



where 



Gix) 



and A(x) = e r , 



VC + q 



+ e r , 



The parameters (3 i ^ i are determined by the expressions 

+ g*" 2 - (-!)*(? - 1)] 



x — 1 



G(x). 



(q-l)(VC-e n ) 

(VC + q)(q 2 + e n ) 



Pn+l,n+l + 

^n + 2,n+2 /7_ x ^ <?) , 



?(9-l)(v^-en)' 

so i— n— 3 



z = 2,...,n + l 
i = n + 2 



k=0 



i = n + 3,...,N - l 

i = N 



(83) 



(84) 



(85) 



! '" +2 (<z-i)(>/£- 

The variables /? l n+2 , . . . ,Pi n gi ye us a total amount of n + l free parameters. This complete 
solution depend on the parity of n through the relation e n = (— l) n . 



5 Concluding Remarks 

In this work we have presented the general set of regular solutions of the graded reflection equation 
for the U q [osp(2n\2m)] vertex model. Our findings can be summarized into four classes of diagonal 
solutions and eight classes of non-diagonal ones. Although the R matrix of the U q [osp(2m\2n)^\ 
vertex model is isomorphic to the R matrix of the U q [spo(2n\2m)] vertex model, we have find 
additional different ET-matrices from those obtained by the exchange of the degree of freedom in 
these models (see, for example, the diagonal solutions of the U q [spo(2\2)] vertex model). 
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We expect the results presented here to motivate further developments on the subject of 
integrable open boundaries for vertex models based on g-deformed Lie superalgebras. In particu- 
lar, the classification of the solutions of the graded reflection equation for others q-deformed Lie 
superalgebras, for instance, the U q [osp{2n\2m)^\ Lie superalgebra, which we hope to report on a 
future work. 
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Appendix A: The U q [spo(2\2)} case 

The set of if-matrices associated with the f/ g [spo(2|2)] vertex model includes both diagonal and non- 
diagonal solutions. The four solutions intrinsically diagonal three contain only one free parameter 
3 and they are given by 

2x - 3{x - 1) 2x + dx{xq A - 1) 



#~(z) 

= Diag(l,l 

K-{x) 

and one without free parameters 



2x + Px{x-\y ' ' 2x + /3(g 4 -x) 

2x + Px(x-l) 2x + Bx(x-l) 

2x - (3(x - 1) ' 2x - - 1) ' 

_ , 2x + 3x(x-l) o 2x + /3x(x-l) 9n 
Diag(l, — — —,x , — — —x 



2x - 3{x - 1) 



2x - 3{x - 1) 



(B.l) 



K (x) = Diag(l, x 



q 2 + ex q 2 + ex 2 \ 
xg z + e xg z + e 



(B.2) 



We have also found the following non-diagonal solutions 

(ff 2 -q)(g-l) 



2/3 








1 + 



2/3 








2 (^ 2 -a)g(g-l) 
X 2/3 



2^23 ( x2 



2 , (a:/3 2 +q)3:(a:-l) 
+ 2/3 / 



(B.3) 



containing three free parameters a,/? and /3 2 3, and another solution with one free parameter 



K~(x) 



( 1 






q 2 — x 2 
~q 2 ~T 



i/3 M (x 2 - 1) \ 




^I? 2 ^^ _1) 



q 2 — x 2 
q 2 -l 









(B.4) 



We don't find any complete solution for this model. 
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